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■ “No accurate calculations of vibration-rotation levels ... have
been published, and no spectroscopic observations have been
reported, which involve the 3Σ+

u state. Such calculation and
observations would be extremely interesting.”
McNab, Adv. Chem. Phys. 89, 1 (1995)

■ “It is possible that amongst the many H+
3 lines that have

been observed in hydrogen plasmas, some will belong to the
3Σ+

u state of H+
3 . But in the absence of a full potential

energy surface for this state and sophisticated ro-vibrational
calculations, these transitions will remain among the many
that have yet to be assigned.”
Tennyson, Rep. Prog. Phys. 57, 421 (1995)
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■ upper branch:
dissociation: 2H (2S) + H+, −1.0000 Eh

energy minimum (D3h): −1.034590Eh at 3.610 a0

■ lower branch:
dissociation: H+

2 (2Σ+
g ) + H (2S), −1.1026 Eh

energy minimum (D∞h): −1.11610627Eh at 2.454 a0
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group r/a0 Emin/Eh basis
Schaad & Hicks 2.457 -1.114 22 21
Wormer & de Groot 2.45 -1.114 66 60a)

Ahlrichs, Votava & Zirc 2.4568 -1.115 678 7 45
Preiskorn, Frye & Clementi 2.454 -1.116 102 7 102b)

Friedrich, Alijah, Xu & Varandas 2.4537 -1.116 061 165
Sanz, Roncero, Tablero,
Aguado & Paniagua 2.454 -1.116 106 27 489c)

a) only 42 functions used for PES
b) Hylleraas-CI
c) only 108 functions used for PES

Tunneling Barrier:
11.78 mEh = 2585 cm−1 (Wormer & de Groot)
11.84 mEh = 2598 cm−1 (Friedrich et al.)

12.03 mEh = 2640 cm−1 (Sanz et al.)
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Energy minimum paths
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Friedrich, Alijah, Xu & Varandas, Phys. Rev. Lett. 86, 1183 (2001)

V (ρ, θ, φ) = VCoulomb + VD3h
(ρ) +

∑

ij aij(ρ) sini θ sinj 3φ

1 +
[

∑

ij bij(ρ) sini θ sinj 3φ
]2

Sanz, Roncero, Tablero, Aguado & Paniagua, J. Chem. Phys. 114,
2182 (2001)

V (R) = VDIM(R) + V (3)(R)

Cernei, Viegas, Alijah & Varandas
J. Chem. Phys. 118, 2637 (2003)
J. Chem. Phys. 120, 2053 (2004)
Chem. Phys. 308, 2085 (2005)

Vu/l(R) =
∑

i

V (1) +
∑

i

V
(2)
u/l

(Ri ) + V
(3)
u/l

(R)

V
(3)
u/l

(R) = P1(R) ± Γ2P2(R)



Ro-vibrational states on the lower sheet

Introduction

Potential energy
surfaces

Ro-vibrational states
on the lower sheet
Localised vs.
non-localised states
Hyperspherical
harmonics
Spectroscopic
assignment

Algorithm:
continuation

Results for H+
3

Results for D+
3

Results for H2D+

Transition
frequencies

Ro-vibrational states
on the upper sheet

Conclusions

Acknowledgements

Royal Society Discussion Meeting Physics, Chemistry and Astronomy of H+
3 – 13 / 35



Localised vs. non-localised states

Introduction

Potential energy
surfaces

Ro-vibrational states
on the lower sheet
Localised vs.
non-localised states
Hyperspherical
harmonics
Spectroscopic
assignment

Algorithm:
continuation

Results for H+
3

Results for D+
3

Results for H2D+

Transition
frequencies

Ro-vibrational states
on the upper sheet

Conclusions

Acknowledgements

Royal Society Discussion Meeting Physics, Chemistry and Astronomy of H+
3 – 14 / 35

−8 −6 −4 −2 0 2 4 6 8

−8

−6

−4

−2

  0

  2

  4

  6

  8

x

y

(1,2)−−3

2−3−1

1−(3,2) (1,3)−2

3−2−1

3−1−2

−1.0900
−1.0925
−1.0950
−1.0975
−1.1000
−1.1025
−1.1050
−1.1075
−1.1100
−1.1125
−1.1150

|Ψ±
A 〉 ∼ |Ψ±

I 〉 + |Ψ±
II 〉 + |Ψ±

III 〉
|Ψ±

E ,ξ〉 ∼ |Ψ±
I 〉 + ω |Ψ±

II 〉 + ω2|Ψ±
III 〉

|Ψ±
E ,η〉 ∼ |Ψ±

I 〉 + ω2|Ψ±
II 〉 + ω |Ψ±

III 〉 ; ω = e
2 π i

3

|Ψ±〉 =
1√
2
|v1v

|`|
2 v3〉 (|N`〉 ± |N − `〉)



Method of hyperspherical harmonics

Introduction

Potential energy
surfaces

Ro-vibrational states
on the lower sheet
Localised vs.
non-localised states
Hyperspherical
harmonics
Spectroscopic
assignment

Algorithm:
continuation

Results for H+
3

Results for D+
3

Results for H2D+

Transition
frequencies

Ro-vibrational states
on the upper sheet

Conclusions

Acknowledgements

Royal Society Discussion Meeting Physics, Chemistry and Astronomy of H+
3 – 15 / 35

Wolniewicz, J. Chem. Phys. 90, 371 (1988)

Schrödinger equation:

{

T (ρ) +
Λ2(Ω)

2µρ2
+ V (ρ, θ, φ) − Ek

}

Φk(ρ, Ω) = 0

Hyperspherical harmonics:

Λ2Ψ = K(K + 4)Ψ ; − i
∂

∂φ
Ψ =

ν

2
Ψ

Expansion:

Φk(ρ, Ω) =
∑

j

Ψj (Ω)Rjk(ρ)

Coupled radial equations:

[

∑

j

(

T (ρ) +
K(K + 4)

2µρ2

)

δjk + 〈Ψj |V |Ψk〉 − Ekδjk

]

Rjk (ρ) = 0
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Alijah, Wolniewicz & Hinze, Molec. Phys. 85, 1125 (1995)

Features: wavefunctions not needed, Dunham fits not needed

hyperspherical states =⇒ SN × I ⇐= spectroscopic states

Algorithm:

■ Given a set of hyperspherical states |Γ, J, n〉, where Γ denotes
permutation-inversion symmetry in SN × I

■ Given the symmetry properties, Γ, of spectroscopic states
|v1, v2, ... , J〉

■ loop over vibrational quantum numbers vi

◆ determine band origin, |v1, v2, ... , J = 0〉, choosing a
hyperspherical state with appropriate Γ
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■ loop over J

◆ find |Γ, J, n〉 that represents |v1, v2, ... , J〉 subject to

■ correct Γ
■ E (J + 1) > E (J)
■ observation of trends within families of states:

|v1, v2, ... , J〉, |v1 + 1, v2, ... , J〉, |v1 + 2, v2, ... , J〉, ...
where ν1 denotes the totally symmetric vibration

v1 = 0

v1 = 1

v1 = 2



Results for H+
3 : I

Introduction

Potential energy
surfaces

Ro-vibrational states
on the lower sheet
Localised vs.
non-localised states
Hyperspherical
harmonics
Spectroscopic
assignment

Algorithm:
continuation

Results for H+
3

Results for D+
3

Results for H2D+

Transition
frequencies

Ro-vibrational states
on the upper sheet

Conclusions

Acknowledgements

Royal Society Discussion Meeting Physics, Chemistry and Astronomy of H+
3 – 18 / 35

Alijah, Viegas, Cernei & Varandas, J. Mol. Spectrosc. 221, 163 (2003)

560 ro-vibrational states identified (J ≤ 10)
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Cuervo-Reyes, Rubayo-Soneira, Aguado, Paniagua, Tablero, Sanz &

Roncero, Phys. Chem. Chem. Phys. 4, 6012 (2002)

H3
+ to D3

+. The barrier between equivalent minima corre-
sponds to an energy of 2640 cm�1 and we turn now our atten-
tion to the effect of the mass difference on the tunneling
dynamics.
In Table 4, the energy levels for H3

+ and D3
+ for the 3A0

electronic states are shown. Some of the states are very close
to the dissociation limit and/or are very delocalized in the well.
In such situation the calculations performed using basis set
functions adapted to describe the region of the well is not effi-
cient. Such calculations are well suited for determining the
highly accurate transition of the infrared spectrum because
of the number of basis set functions required is not so high.
In this other case the situation changes and we use a hybrid
method in which the hyperradius is described in a sinc-DVR
function56,57 while the hyperangle y is described either by the
functions of eqn. (3) or in a Gauss–Legendre quadrature grid,
transforming back and forward from the basis set to the grid
representation depending on the term of the Hamiltonian
which is going to be evaluated.58 Such method58 allows the
evaluation of the Hamiltonian of a function in a very efficient
way, without storing the Hamiltonian matrix, thus saving a lot
of memory.
The levels in Table 4 are classified according to their irredu-

cible representation of the permutation–inversion group
(isomorphic with the D3h group). There are triplets of
(quasi)-degenerate states, two of them belonging to the degen-
erate representation E0 and the third one either A

0
1 or A

0
2. The

ground level belongs to the A
0
2 representation because the sym-

metry of the electronic part is taken into account.32

Below the barrier, the levels of D3
+ are always degenerate,

even for the eighth energy, 2675.601 cm�1 which is above the
barrier, demonstrating that there is a threshold-like effect for
the tunneling to occur. In the case of H3

+, however, the tunnel-
ing occurs even below the barrier, but being pretty small, of the
order of �0.002 cm�1.

Such splitting slowly increases above the barrier but at the
seventh energy (�3444 cm�1) there is a sudden increase of
the splitting to �2 cm�1. In D3

+ such sharp change takes place
above 3260 cm�1 (above 3500�1 the mixing between the differ-
ent degrees of freedom is so large that is difficult to assign the
states which belong to a particular triplet). The sudden
increase in the splitting occurs in the two cases above the sad-
dle point, but for D3

+ this takes places at lower energies. Such
effect can be attributed to a zero point energy situated in the
saddle point between minima: the wavefunction does not take
an appreciable magnitude at this point up to a threshold is
overpassed. This behaviour of the splitting with respect to

Fig. 1 Energy levels diagram for H+
3 (a) and D+

3 (b), with energy in cm�1. Vertical arrows indicate ‘‘allowed’’ transitions. Otherwise they cor-
respond to ‘‘ forbidden’’ transitions. Root mean square deviations (in cm�1) with respect to experimental transition frequencies are shown in each
case (and the number of lines considered).

Fig. 2 Splitting of the levels for H+
3 and D+

3 in the 3A0 electronic
state. The arrow indicates the maximum of the barrier between the
three equivalent minima, appearing at collinear configuration.

6016 Phys. Chem. Chem. Phys., 2002, 4, 6012–6017
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Alijah & Varandas, J. Phys. Chem. A (2006)

Isomers: HDH+

HHD+ (H[1]H[2]D
+ and H[2]H[1]D

+)
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molecule initial state Γrve(w) final state Γrve(w) ω/cm−1

H+
3 N =0, (0, 00, 0) A′

2(4) N =1, (0, 11, 0)− A′′
2 (4) 665.89

E ′(2) N =1, (0, 11, 0)− E ′′(2) 665.89
H+

3 N =0, (0, 00, 0) A′
2(4) N =1, (0, 00, 1) A′′

2 (4) 749.71
E ′(2) N =1, (0, 00, 1) E ′′(2) 749.72

H+
3 N =0, (0, 00, 0) E ′(2) N =1, (1, 00, 0) E ′′(2) 984.12

HDH+ N =0, (0, 00, 0) B2(3) N =1, (0, 11, 0)− B1(3) 551.46
HDH+ N =0, (0, 00, 0) B2(3) N =1, (0, 00, 1) B1(3) 628.32

HHD+ N =0, (0, 00, 0) A1(1) N =1, (0, 11, 0)− A2(1) 638.23
B2(3) N =1, (0, 11, 0)− B1(3) 638.23

HHD+ N =0, (0, 00, 0) A1(1) N =1, (0, 00, 1) A2(1) 712.13
B2(3) N =1, (0, 00, 1) B1(3) 712.13

HHD+ N =0, (0, 00, 0) A1(1) N =1, (1, 00, 0) A2(1) 879.64
B2(3) N =1, (1, 00, 0) B1(3) 879.64

Selection rules:
H+

3 , D+
3 ∆J = 0,±1 A′

1 ↔ A′′
1 , A′

2 ↔ A′′
2 , E ′ ↔ E ′′

H2D
+, D2H

+ ∆J = 0,±1 A1 ↔ A2, B1 ↔ B2
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Longuet-Higgins, Adv. Spectrosc. 2, 429 (1961)
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Viegas, Alijah & Varandas, J. Phys. Chem. A 109, 3307 (2005)
Positions:
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Alijah & Varandas, Phys. Rev. Lett. 93, 243003 (2004)

|v1v2GN〉± =
1√
2

(

|v1v2, ` + α〉 |Nk〉 ± (−1)N |v1v2,−` − α〉 |N,−k〉
)

=
1√
2

(

|v1v2`〉 |Nk〉 ± (−1)N |v1v2,−` − 2α〉 |N,−k〉
)

e iαφ

Generalized G quantum number:

G = |k − ` − α| = |k − j | ; |j | = |`| + α ; α = 0, 1/2

NGP/GP correlation:

■ for ` = 0 (special case)

GNGP = 0 ⇔ GGP =
1

2

GNGP = |k| 6= 0 ⇔ GGP = GNGP ± 1

2

■ for ` 6= 0

GGP = GNGP +
1

2
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l=0
v1=0,v2=0

GNGP = 0 ⇔ GGP = 1
2

GNGP = |k| = 1 ⇔ GGP = GNGP ± 1
2 = 3

2 , 1
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■ Theoretical data available
■ Experimental data?

◆ Excitation from the ground state (X 1A′
1)

◆ H+
2 (X 2Σ+

g ) + H, aligned in an external field
◆ H2(b

3Σ+
u ) + H+

◆ · · ·
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